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Abstract

We consider general quantum random walks in a d-dimensional half-space.
We first obtain a path integral formula for general quantum random walks in a
d-dimensional space. Our path integral formula is valid for general quantum
random walks on Cayley graphs as well. Then the path integral formula is
applied to obtain the scaling limit of the exit distribution, the expectation of
exit time and the asymptotic behaviour of the exit probabilities, for general
quantum random walks in a half-space under some conditions on amplitude
functions. The conditions are shown to be satisfied by both the Hadamard
and Grover quantum random walks in two-dimensional half-spaces. For the
two-dimensional case, we show that the critical exponent for the scaling limit
of the hitting distribution is 1 as the lattice spacing tends to zero, i.e. the
natural magnitude of the hitting position is of order O (1) if the lattice spacing
is set to be 1/n. We also show that the rate of convergence of the total
hitting probability has lower bound n~2 and upper bound n~2*¢ for any € > 0.
For a quantum random walk with a fixed starting point, we show that the
probability of hitting times at the hyperplane decays faster than that of the
classical random walk. In both one and two dimensions, given the event of a
hit, the conditional expectation of hitting times is finite, in contrast to being
infinite for the classical case. In the one-dimensional case, we also obtain an
exact order of the probability distribution of the hitting time at 0.

PACS numbers: 02.50.Cw, 03.67.Lx, 05.40.Fb

1. Introduction

Discrete time quantum random walks were first used by Feynman in [10] for discretizing
the Dirac equation. The term ‘quantum random walks’ was first given by Aharonov et al
in [2]. Motivated by quantum information and quantum computing, quantum random walks

1751-8113/07/298487+30$30.00 © 2007 IOP Publishing Ltd ~ Printed in the UK 8487


http://dx.doi.org/10.1088/1751-8113/40/29/021
mailto:yang@temple.edu
mailto:cliu@bowiestate.edu
mailto:zhangk@wharton.upenn.edu
http://stacks.iop.org/JPhysA/40/8487

8488 W-S Yang et al

were again studied by Meyer in [22, 23]. Recently, Aharonov et al [1] studied quantum
random walks on general graphs with rigorous proofs. In [3], Ambainis et a/ also gave a
detailed study of quantum random walks on a line with rigorous proofs. Subsequently, several
rigorous results for quantum random walks on either d-dimensional whole lattice spaces or
one-dimensional half-spaces were obtained [4, 6, 13, 19-21]. We refer to Kempe [16] for an
excellent overview.

For the mathematical results obtained so far, the most commonly used techniques are
diagonalization of the shift operator, path integrals, combinatorial methods and the Fourier
transform. Diagonalization of the shift operator is limited to the situation where it can be
diagonalized, e.g., quantum random walks on the whole space Z¢. So far the path integral
has been formulated in a combinatorial form which is particularly simple for applications to
one-dimensional quantum random walks.

In this paper, we consider general quantum random walks in a d-dimensional half-space.
We first obtain a path integral formula for the case of d-dimensional general quantum random
walks (proposition 1.1). Under some conditions on amplitude functions (A.1)—(A.6) in
section 1.3, we then apply the path integral formula to obtain a scaling limit of the exit
distribution, the expectation of exit time and the asymptotic behaviour of the exit probabilities,
for general quantum random walks in a half-space (theorems 1.1-1.4). The conditions
are shown to be satisfied by both Hadamard and Grover’s quantum random walks in two-
dimensional half-spaces (theorem 1.5). Our path integral formula works for general quantum
random walks on Cayley graphs as well. Using the same method, we also prove an asymptotic
property for the absorbing probability for the one-dimensional Hadamard quantum random
walk on half-line (theorem 1.6). It is well known that the expectation of the hitting time at O
is infinite for the one-dimensional classical random walk starting at position n > 0. For the
quantum case, we show that the corresponding probability distribution of the hitting time at O
decays faster than the classical case and if it hits, the conditional expectation of hitting time is
finite.

1.1. Notations and definitions

In this paper, we consider quantum random walks on a d-dimensional half-space. We shall
start with the definition of quantum random walks in a d-dimensional space. Let Z¢ be a
d-dimensional integer lattice. For a d-dimensional quantum random walk, the position Hilbert
space is the Hilbert space H), spanned by an orthonormal basis {|x), x € Z%}. The coin Hilbert
space H, is spanned by an orthonormal basis {|j), j = 1,2,...,2d.}. The state space is
defined by H = H, ® H..

The evolution of the quantum random walk is defined as follows. Let ¢; =
(1,0,...,0),e, = (0,1,0,...,0),...,e4 = (0,0,...,0,1) be the standard orthonormal
basis for Z4, and eqsj = —ej, for j =1,2,...,d. The shift operator S : H — H is defined
by

S(x) ® /) =[x +e;) 1)),

forall j. The coin operator A : H. — H, is a unitary operator. Then the evolution operator for
the quantum random walk is defined by U = S(I ® A), where I denotes the identity operator
on H,.

Let ¢o € H and ¥, = U'vy. The sequence {1/} is called a d-dimensional quantum
random walk with the initial state 1. In this paper, we will mainly consider Hadamard walks
and Grover’s walks defined as follows.
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The one-dimensional Hadamard walk is the quantum random walk on Z I with A = H,,
where H, is the 2 x 2 Hadamard matrix

e (t )

The two-dimensional Hadamard walk is the quantum random walk on Z? with

1 1 1 1
-1 1 -1

1 1 -1 -1

1 -1 -1 1

1
A=H2®H2=§

Grover’s walk in two dimensions is the quantum random walk on Z? with

-1 1 1 1
Iy1r -1 1 1

The measurements for a quantum random walk are defined as follows. Let I/ be the
orthogonal projection operator of H onto the linear span of [x) ® |j) and I1, the orthogonal
projection of H onto the linear span of {|x) ® |j); j = 1,2, ...,2d}. The position operators
X = (X4, ..., Xy) are unbounded linear operators on H such that

Xi(|x) ® 1)) = xilx) @ []),

forall x € Zd,j =1,2,...,2dandi =1,2,...,d.

Let ¥, = Z?il Y veza Yi(x, j)Ix) ® |j) be the quantum random walk at time ¢,
where ¥, (x, j) is the coefficient at |x) ® |j). Let p,(x,j) = <1//,, H){w,) = Y (x, )P
be the probability that the particle is found at state |x) ® |j) at time ¢, and p,(x) =
pi(x, 1) + p;(x,2) + --- + p;(x,2d) be the probability that the particle is found at state
|x) at time z.

Computer simulations show that the probability distribution of a 1D Hadamard walk at
time ¢+ = 100 with the initial state ¥y = |0) ® |2) has a leftward drift, see e.g., [16]. So
the quantum random walk is asymmetric with respect to the initial state ¥y = |0) ® |j)
with j = 1 (right) and 2 (left). Unlike the classical random walk with a Gaussian character,
it is bimodal and spread out through the whole interval [—100, 100]. It spreads out faster
than the classical random walk. The variance for the classical random walk is o2(¢) = ¢,
while o2(t) = 2 is expected for the quantum random walk. For a symmetrized initial state
Yo =10) ® \/LEU 1) 4+ 2)), the distribution at time ¢ = 100 is symmetric with respect to 0. It is
also bimodal and spread out through the whole interval [—100, 100].

In [3], Ambainis ef al obtained the results (a)—(d). Suppose that the initial state is
Yo =10) ® [1).

(a) Let x = ot — oo with « fixed. Suppose —1 < o < :_f; or % < a < 1. Then there
isac > 1 for which p,(x, j) = O(c™), forall j.

(b) Let € > 0 be any constant. Suppose « is in the interval (:—é +e, % — €). Then as
t — 00, we have (uniformly in x)

2(1 + ) ,
cos (
7(1 —a)v/1 —2a?t

T
o),

pi(x, 1) ~ 7

b4
—wt+——p

2
(x,2)~—cosz< >,
Pr 71— 202t 4
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where w = ap +0,p = arg(—B + \/K),O = arg(—B +2 + \/Z),B = 127—“& and
A= B>—4(B+1).
For a Markov chain, the mixing time is defined by

Te = maxmin{z; || p, (., 1) — 7|l <€, V' > 1},
u t

where p, (., 1) is the distribution of the Markov chain at time ¢’ with the initial condition u,
and  is the limiting distribution.

For a quantum random walk, due to a periodic character, the limiting distribution does
not exist. So the mixing time is defined as

Te = maxmin{z; || p, (., 1) — 7| < €},
u t

where p, (., t) is the distribution of the quantum random walk at time ¢ with the initial condition
u, and 7 is a target distribution.

The results (a) and (b) suggest that 7. = Q(é) for a one-dimensional quantum random
walk where 7 is the uniform distribution. For a one-dimensional classical random walk,
w = Q%)

In [3], a 1D Hadamard walk on half-space [0, 00), called a semi-infinite walk, is defined
as follows.

Step 1. Let the initial state be [1) ® |1).
Step 2. Apply U and then apply the measurement {I1p, 1 — ITp}.

Step 3. If the result of the measurement is 0, then terminate the process; otherwise repeat
step 2.
(c) Let p be the probability that the process is eventually terminated. Then

2
Poo = — = 0.6366.
T

It is well known that p., = 1, for a one-dimensional classical random walk.
One-dimensional Hadamard walk on a finite interval [0, n], n > 1, is also considered in
[3]. It is defined by the following.

Step 1. Let the initial state be |1) ® |1).

Step 2. Apply U, apply the measurement {I1y, 1 — 1o} and then apply the measurement
{Hna 1 - Hn}

Step 3. If the result of either measurement is either O or #, then terminate the process; otherwise
repeat step 2.

(d) Let p, be the probability that a quantum random walk on [0, n] is eventually terminated
at 0. Then,

n—oo

1
lim p, 7 0.7071.
Since %2 > %, lim, .~ pn > Poo. This is interesting because for classical random walks,
Pn < Do, foralln > 0.

For the problem of the scaling limit of a quantum random walk, we consider the position
operator at time ¢, X, = U* XU'. Grimmett et al [12] obtained the weak scaling limit of %X P
as t — oo. Konno [19, 20] also obtained the scaling limit, but with a different description of
the distribution.

The method used in [13] is to diagonalize the shift operator S in the Fourier space. Then
the asymptotic behaviour of moments can be easily determined. The proofs of (a) and (b) in [3]
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also depend on the diagonalization of S in Fourier space. Diagonalization of S in Fourier space
does not work for a quantum random walk in a restricted space, for example, a half-space.
The proofs of (c) and (d) in [3] depend on a path integral formula in terms of combinatorics
which is special for one-dimensional Hadamard walks. This special combinatorial form of
path integral does not work for general quantum random walks. Since we consider quantum
random walks in dimensions >1 and in half-spaces, we will develop a form of path integral
for general quantum random walks in the following subsection.

1.2. The path integral

Our formulation of path integral is described as follows. A path w is defined by

w = (wo, Wi, ..., w,), where w; € Z¢, and |w; — w;_;| = 1. The length of w is defined by
|lw| = n. Letej, = w; —w;_; be the increment at the ith step of w. Then w = (wo, wy, ..., wy,)
can be 1-1 identified with (wo; ej,, ..., e;,). Let Q" = {w; |w| = n}.

Definition 1.1. (Amplitude function) For 1 <i,j < 2d,x € 74 the amplitude function is
defined for w € Q",

\I’j"x(w) =8;Un)a, jus @jyjus -+ - @i (1.1)

here w; — w;_ = ej, and wy = x; otherwise \I/;-’X(w) = 0. Here §j(k) =0ifk # j and
8;(k) = Lifk = j.

Let B be the transpose of A. Then we have
Wi (W) = bij by -+ by, .87 G- (1.2)

Definition 1.2. Let ' C Q". The amplitude of T is defined by
WD) = > W (w). (1.3)

wel

Let Q = U2 Q" ForI' € Q with I'" = T" N Q", we also define
WENI) =) W), (1.4)
n=0

and W' () = 3, Wi (D).
For any v € H, we shall write ¢ = Zizil Y vezd W(x, D)|x)]i). We have the following
proposition.
Proposition 1.1. (a) Suppose v, = U'|x)|i), then
Yi(y, j) = Wi (@, = y),

forally € Zd,j =1,...,2d.
(b) Suppose Y, = U'ry. Then for any vy € H, we have

Vv, ) =D ) bolx, D (o = ).

Remark 1.1. Proposition 1.1. unifies the path integrals for quantum random walks and
classical random walks, if a non-unitary A is allowed. Indeed, if we let a;; = 1/2d, for all
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i, j, then for the d-dimensional classical simple random walk, (X,){2,, on 74 the conditional
probability

P(X; = y|Xo=x) =¥V (0 = y),
forally € Z%, andanyi =1, ..., 2d.

Remark 1.2. The above proposition works for general quantum random walks on Cayley

graph as well. Let G be a group with group operation. Let E be a set of generators of G

such that the identity xo ¢ E. Let (G, E) be the Cayley graph associated with G and E. The

position Hilbert space is H,, spanned by an orthonormal basis {|x), x € G}. The coin Hilbert

space H, is spanned by an orthonormal basis {|j), e; € E}. The state spaceis H = H, ® H..
The shift operator S : H — H is

S(x) @ 17) = |x - ¢j) @ 1))

for all j. The coin operator A : H. — H, is any unitary operator. The evolution operator for
the quantum random walk on (G, E) is defined by U = S(I ® A), where I denotes the identity
operator on H,. Let ¥y € H and v, = U'vy. The sequence {y,}° is called a quantum
random walk on (G, E) with the initial state yr9. Then proposition 1.1 holds for quantum
random walks on (G, E)

1.3. Quantum random walks in half-spaces

Now we apply the path integral to quantum random walks in half-spaces. The following
method works for any d, but for convenience of presentation, we will consider d = 2 only.
Let D = {(x, y) € Z%, x < 0} be the left half-space. Lett = t(w) = inf{t > 0; w, € D}
be the first hitting time of D by w.
The amplitude Green function for the quantum random walk in the right half-space with
zero boundary conditions is defined by

[ee]

P = £ =) Wi w, = (0. y), T =07
=1
Here i is the initial type, j is the ending type, n is the initial position in the x-axis, y is the
ending position in the y-axis and z is a complex number. We note that lllj.” (w,=,y),T=1)
is in Lz(y, t) (see (1.12) and (1.13)). Therefore, the Green function is absolutely convergent
for |z| < 1. Tt exists in the sense of L?(0), for z = e and satisfies

in 2 1 m in i in —il
| Wi, = 0,3, v =0, = E/O dofi" (v, ) fi" (v, e7). (15)
Similarly, let
[k =) N "), 0<k <2,
y

and
[k ) =" Wi, = (0,y), T =1), 0 <k<2m,
y

be the Fourier transforms (throughout this paper, we use f;*”(k, 7) instead of JA‘j’" (k, z); the
Fourier transform is understood by the variables). Then
1

2 d91 2 [*”k 0 2dk— \Iji” _— _ 2
E 0 E 0 ’fj (,C )| _” J (wt_( »y)7f—t)HL2(y,f)<oo'
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Therefore, for a.e. &,
L/zn do| £ (k, €")[* < oo
27 0 i ’ '

This implies Y, |f;’"(k,t)}2 < oo and f]’."”(k, z) is analytic in |z| < 1, for a.e. k, and
[tk re®) — fi"(k,e”)in L2(0),as r 1 1.

In particular, we put f; = f;‘o. Let F be a 4 x 4 matrix with entries Fj; = f} (k,z). We
also let A denote the matrix obtained from A by interchanging the first and the third columns.
We obtain the following proposition.

Proposition 1.2. For each fixed k, there exists § > 0 such that for all |z| < &, the Green
functions satisfy

0 0 0 0
~lo e 0 0
F=2400 0 -F1'z240s 0 (1.6)
0 0 0 e ik
To simplify notation, we put
([1 — F1 'zA);3 = g(k,z) for |z] <3$. (1.7)

For the related Green functions with other initial positions, we note that for n >
I, f;7"(y) = 0,forall j # 3. For j = 3, we have

filk,2) = (1= F17'zA);;  for  |z] <36. (1.8)
In particular,

i, z) = (1= F1™'zA)3=¢ for |z] <38. (1.9)

ik, z) = zan fy 'k, 2) = zang  for |z] < 6. (1.10)

We also obtain

Corollary 1.1. Forn > 1, |z] < 4,

(a) f" (k) = f' O (£ k)"
(b) £ (k) = (3" ()" and f5"' (k) = ([1 — F1™'zA)53.

We will obtain results for general quantum random walks in two dimensions under the
following conditions. We will show in theorem 1.5 that all the conditions (A.1-A.6) are
satisfied for both Hadamard walk and Grover’s walk in two dimensions.

A.1. Equation (1.6) has a solution h’j (k, z) such that for every k, h’j (k, z) is analyticin |z| < 1,
relatively continuous in |z| < 1 and equal to fj’f (k, z) for |z| < 8.
A.2. For every k, f331(k,z) is analytic in the unit disc |z| < 1 and continuous in the

closed unit ball |z] < 1. MQi'eover, 331(k, ei9)| < 1,ae k,0 € [0,27], and the set
L ={k,0€]0,2n]; |f331 (k,e%)| = 1} has a positive Lebesgue measure.

A.3. For every fixed 0, there egcists a set Dy = [0, 2w \{k1(0), k2(0), ..., ki (0)} such that the
partial derivative 0y f331 (k, 719 exists and is continuous in Dyg.
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A.4. For every k, there exists a set Dy = [0, 27 ]\{0,(k), O2(k), ..., 6,(k)} such that the
partial derivative o, f331(k, re ) exists and is continuous in 0 < r < 1,0 € Dy. Moreover
there exists a constant C, independent of k, 0, r such that

m

: 1
8r 31 k, i0 gc E—
|0, 13" (k, r )| ; =

forallk € [0,2m],rg <r < 1,for some0 < ry < 1,and all 0 € Dy.
A.S5. There exist 0 < & < & < --- < & < 2m, such that for every & < 0 < &4, L€

is a finite union of open intervals, U;l;, with disjoint closures. Let I; = (aj,b;). Let
cj = af;bj. For all sufficiently small positive constant €, O;; = {§ < 0 < &15a; +€ < ¢}

and 01.’j =1{& < 0 < &5 bj — € > ¢j} have positive Lebesgue measures. Moreover,

L[ k. e)]* < Ik —ajl,

forall§ <0 < &y, and aj < k < cj; here C is a universal positive constant. The same
asymptotic behaviour also holds for the other end of the interval, i.e.

L— |k, &)’ < Tk — by,
forall <60 < &,,andb; >k > c;.

A.6. For a fixed k, let 6, = 0i(k) such that & < 6, < &1 and (01,k) is on the
boundary of L. For n > 0, let Q) = {§ < 0 < &4 — —n,a; < k < ¢j} and Q, =
{&is1 —2n < 0 < &11,a; < k < ¢;}. There exist positive constants n and C such that either
both of the following inequalities hold:

Vo —&lVIk—a] <1—|f' ke i @

Vi =01 <1—|f' kD in @,

or both of the following inequalities hold:

cyl1o —&nml/lk—ajl <1— |f331(/’<,ei9)|2 in Q

Vi =0l <1—|f ke in Q.

Moreover, similar lower bounds hold for the other side of the interval c; < k < bj, with
aj replaced by b;.

In order to apply proposition 1.2 to obtain an exact formula for f} (k, z) over |z] < 1 and
extend it to |z| = 1, we use the following lemma.

Lemma 1.1. Suppose (A.1) holds. Then for a.e. k, hf'j(k, 7)) = f;(k,z), for |z] < 1,
and h;(k, z) is a version of f]’ (k,z) for |z| = 1, i.e. hf'j(k, el) is the Fourier transform of
Wi (w, = (0. y). T = 1).

‘We will show that for both Hadamard walk and Grover’s walk in two dimensions, condition
(A.1)holds. Therefore by solving the equation, we have an exact formula for f j’ (k, z), extended

up to |z] < 1. We will continue to use the same notation, fj’f (k, 2), |z] < 1, for the extended

function. Similarly, we will obtain an exact formula for f3""(k, z) so that (1.6)—(1.10) and
corollary 1.1 hold for all z up to |z| < 1.
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1.4. The first hitting probabilities of D

The first hitting probability of D by a quantum random walk which starts with the initial state
[(n,0)) ® |i) is related to the following Green function:

fi" i) =Y W w =0, y). T =Dz, (1.11)
t=1

The probability that a two-dimensional quantum random walk in the right half-space D¢ exits
from D€ at (0, y) is given by
oo
ir in 2 in 2
PYM(y) =) Wi wr = (0, ), T =0 = Wi (w, = 0,), 7 =) 1,- (1.12)
=1
By (1.12), Wi (w, = (0, y), T = 1) is in L(1); therefore fi"(y, z) is in L2(0), for z = e,
For n > 1, the probability that the quantum random walk ever exits from the right half-space
is

o0
Pyt =3 Y = 0,y T =0 = Wi, = 0.9, T =0, (1.13)

y t=1
By Fourier transform, we have

. 1 2 1 2 ) ) )
P (k) = — do— Dk — ky, € fE" (ky, e 7Y dk 1.14
(k) 271/(; 2n0f1( 1,e0) f; (ky,e™) dky (1.14)
and
in in 1 o 1 o in i0 in —i0
P =Pl (k>|k=o=gfo o5 [ 1" ke f e (1.15)

In this paper, we consider the following problems.

Problem 1. Suppose that the quantum random walk starts with the initial state |(n, 0)) ® |i).
Let Py" be the probability that there is ever an exit from the right half-space. Findlim,_, ., Py".

Problem 2. Let Y, = Y,(w) be the position on the y-axis that a quantum random walk hits
the left half-space the first time, with the initial position at (n,0). Our problem is to find the
critical exponent a such that Y, /n® has a non-trivial scaling limit, as n goes to infinity. By the
well-known Levy—Cramer theorem, this is equivalent to the scaling limit of its characteristic

function (Fourier transform), i.e. show that the scaling limit lim,,_, oo #P;’” (n%) exists.
3

Problem 3. Let t be the first hitting time at the left half-space. It is well known that the
expectation of T is infinity for classical random walks. Our problem is to show that for a
quantum random walk, if it hits, then the conditional expectation of t is finite.

Problem 4. Determine the asymptotic behaviour of P3i’" asn — oo.

1.5. Main results
The following theorem gives the solution to problem 1.

Theorem 1.1. For a quantum random walk in two dimensions, if (A.1) holds, then P33”
decreases as n increases, and

3 1 T T
lim P" = k,0)dk do,
oo T Qn)2 /_ /_ Xk, )

where x is the indicator function of L = {k, 0 €[0,2nr];

331(k, ei9)| — 1}
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Let P3300 = 1lim,_ P33”. We will prove in section 4 that for the Hadamard walk in two
dimensions, P33Oo ~ (0.556 and for Grover’s walk, P3300 ~ 0.387 129. For Grover’s walk in
two dimensions, theorem 1.4 gives an estimate of the rate of convergence for P33”, asn — oo.

The following theorem is our result on the scaling limit of the hitting distribution, stated
in problem 2. Let Y,, = Y,,(w) be a random variable defined by w, = (0, Y¥,,(w)), for a path
w with the initial position wy = (n,0). Let E'" denote the expectation with respect to the
distribution Pg".

Theorem 1.2. Suppose (A.1)—(A.3) hold, then the critical exponent o = 1 and the conditional
distribution of Y7 given that T < oo has the following limit:

1

T < oo] = oo 7 /n /ﬂ x(k, 0) el 0S5 ke ™)1 g g
T - J-n

lim E3”[ei’y7" = —=
Py (

n—oo

(1.16)

where xy, is the indicator function of L = {k, 6 €[0,2nr];

331(](, ei9)| — ]}

Remark 1.3. It is well known that for a classical random walk on Z2, Y, /n converges to a
Cauchy distribution with parameter 1 (characteristic function e~!"!), as n goes to infinity.

The next theorem solves problem 3.

Theorem 1.3. Suppose (A.1)—(A.4) hold; then given that t is finite, the conditional expectation
of T, with respect to E>", is finite.

Remark 1.4. For a classical random walk on Z2, given that the initial position is (n, 0), the
expectation of 7 is infinite.

The next theorem improves theorem 1.1 and solves problem 4.
Theorem 1.4. Suppose (A.1-A.6) hold. Then for any € > 0,
cin”? < P — P < epe)n e, (1.17)
as n — 00, where cy, c;(€) are positive constants.
For applications of proposition 1.1-theorem 1.4, we show

Theorem 1.5. For both Hadamard walk and Grover’s walk in two dimensions, (A.1-A.6) hold.

We also obtain the following result on the exiting probability for Hadamard walk on a
half-line. Let p(¢) be the probability that 7 is the first hitting time at 0 by a Hadamard walk
with the initial state |1) ® |1).

Theorem 1.6. We have p(t) = %,fort =1, pt) = %t’3 +0@™), fort =4k +3.k =
1,2,...,ast — oo; and p(t) = 0, otherwise.

Since given T < oo with ¥ = |1) ® |1), the conditional expectation E'!'[7|t < oo] =
S I= tp(t), we have

1=

Corollary 1.2. For the Hadamard walk in one dimension, we have E'[t]|T < 00] < o0.

To compare quantum random walks and classical random walks on half-line, using the
same metxprochod as that in theorem 1.6, we also obtain the well-known.
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Theorem 1.7. Let (S,)g° be a simple random walk on Z Ustarting at 1. Let p.(t) be the
probability that the first hitting time at 0 by (S,)° is t. Then

2 .
pet) =/ 2173+ 0072),
b

fort =2k+1,k=1,2,...,ast — o0, p.(t) = 0, otherwise.

It follows from theorem 1.7 that the expectation of hitting time at 0 is infinite for the
classical case. For the quantum case, theorem 1.6 and corollary 1.2 show that the hitting
probability decays faster than the classical case and given T < 00, the conditional expectation
of 7 is finite.

2. Proofs of proposition 1.1-corollary 1.1 and lemma 1.1

Proof of proposition 1.1. Proof of (a). By definition of U,

Uiy = U | Y ajilx +e))l)
J

t—2 .
=U 2 , E :ajzjlaj1i|x +ej +ej)lj2)
2

By induction, the above

.....

= > W = y)Iy)i).
yiJ

by definition. This proves (a).
(b) follows from (a) and the linearity. O

Proof of proposition 1.2. We first show that

lim > 7| 2)| = 0. @.1)
S
We note that Wi’(w, = (0, y), t =1) = 0if < |y|. So
o0 o0
DoIA =)D Wi, = 0,y), T =0 | +| Y Wilw, = (0,0), T =n7'|.
y y#0 |t=]|y| t=1

Since \Iljo(w, = (0,y), T = t) is in L?(y, t), it is bounded by a constant M. Therefore, the
above sum is bounded by

MZiIzI’+M§:IZI’<[ M +M}i
e R E Ik

y#0 1=|y|

which goes to 0 as |z] — O.
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Now, by considering a sample path of cases t = 1, 7 = 2, and for T > 3, it visits the
vertical line x = 1 exactly / + 1 times before hitting D. We obtain the following recursive
relations:

[, 2) = 2bi282(j)81() + 2biada(j)8-1(y) + 2bi12b1383(j)80 ()

+2bi Y Y Y f DG =y fT (5 = Yie1 22D ().

I=1 jijaecs Y1Y2-Y1-1
The infinite series of the above sum is bounded by ), 4ct, where C = max; ; ” f; v, 2) || Lity)

and | fi(y,2) I, ED I8 | fi, 2)|. By (2.1), C < 1if |z| is sufficiently small. Therefore,
the series is convergent for sufficiently small |z|.
Applying the Fourier transform, we have

fik, 2) = zbinda(j) " + zbiada(j) e ™

[e.0]

+ | 2buzbis+zbi » > fhk )k 2) . f Kk 2)zbjs | 83(7)

=1 jijo-ji

S
= 2bin8s(j) " + 2biada(j) e + Y 2bi1 @Bz +2bit | Y F'zB | 1 83()).
LI/=1

413
So we have
. . . r 7 7]
£k, 2) = zbin " 82(j) + zbia e M 84() + 2biy | 2B | 83())
L! = Jd13
Note that by (2.1), the above series is convergent for sufficiently small |z| and [ — F is
invertible. This implies the theorem. (|

Proof of corollary 1.1. Corollary 1.1 is proved by using a similar argument as in the proof of
proposition 1.2. O

Proof of lemma 1.1. Since for a.e. k, f j’ (k, z) is analytic in |z| < 1 and by assumption,
h’j(k, 7) = f; (k, z) for |z] < §. They must equal in |z| < 1, for a.e. k.

Since for 0 < r < 1, f} (k, r €) is the Fourier transform of lII}O(w, =(0,y),t =)'
and Wi(w, = (0,y),7 = 0)r' goes to W(w, = (0,y),r = 1) in L*(y,1), we have
f]’f(k,reie) goes to f]’ (k,e?) in L*(k, ), as r — 1, which is the Fourier transform of
\Iljo(w, = (0,y),t = t). On the other hand, f;(k, rei?y = hf}(k,reie) and hf}(k,z) is
continuous in |z| < 1; therefore, hj.(k, ei?) is a version for f ]‘ (k, ei?). O

3. Proofs of theorems 1.1-1.4
Proof of theorem 1.1. Since for every k, f33” (k, z)isanalyticin |z| < 1,foralln =1,2,3, ...,
corollary 1.1 holds for |z] < 1. Moreover, since f33 Y(k, 7) is relatively continuous in closed
unit ball, f33” (k, z) is also relatively continuous in the closed unit ball and corollary 1.1 holds
for |z| < 1.

By (1.15),

P = P (0],

! T 3n 0y £3n —if
(27)? S5 (=ky,€") f5" (ky, e™") dk; dO
- J-n
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1 i i 31 i0\\" ( £31 —i0\\"
= —kq, €' ki, e dk, do
(277)2/771/;71(3( 1) (3 (ky )" dk;
— 1 " i [ 31(_k ei@)}'3l(_k ei@)]" dk, de
= a2 ). ). 3 1s 3 1s 1

(2;1)2/ / |15 (—k, e19)| dk, do, (3.1)
foralln =1, 2,.

Since Py" < 1, for all n, we have 0 < | f*(—k, €)| < 1, for ae. k.0 € [0,27].
Therefore, Pg" decreases as n increases. The limit exists as n goes to co. Moreover, by the
dominated convergence theorem, we have

. 3n - 9y |2n
lim P = lim (27[)2/ / |5 (=K, )| dk; do (3.2)

1 [ 1
=(2n)2[ﬂ/ Tim [ f3 (ke )" dk, d6

1 b
=(2n)2f / xr(k,0)dk; do, (3.3)

where x; is the indicator function of L = {k, 6 € [0, 2]; | £ (=K, )| = 1}. O

Proof of theorem 1.2. By definition,

3n Z el i 'in(y)

yezZ
1

" 0y 30 g
W/ f ( k,e )f3 <k+n,e )dkd@

1 _ 0\ 1" —10 taf (nkQ’e_ia)}n

(3.4)

E¥[e |7 < 00] =

by the mean-value theorem. By (A.3), the above integrand goes to
AL (k 9) etakf331(k,e‘i”)[ffl(k,e‘i”)]"

as n goes to co. By the dominated convergence theorem, we have thus proved the theorem.
]

Proof of theorem 1.3. We shall use the following theorem to prove theorem 1.3. ]
Theorem 3.1. Let v be a probability measure supported in [0, 00). Let p(s) = fooo e du(r)

be the Laplace transform of u. For alln = 1,2, ..., the following statements hold.

(@) If [ 1" du(t) < 00, then (—1)" L2 = [ me=5" dp(r) < oo.

ds”
(b) If (—1)r 28 ‘J’,(f) |0 exists, then [y~ t" du(t) < oco.

The proof of theorem 3.1 is given in the appendix. To prove theorem 1.3, let

Py =Y [Wiw, = (0, y), 7 = )| = | W, = ©0,y), T =0, (3.5)

yezZ
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be the probability that a two-dimensional quantum random walk in the right half-space D¢,
with the initial position at (2, 0) and type i, exists from D¢ at time 7. Let

o
pls) =) e P (1)
t=1
be the Laplace transform. By the same argument as that in (1.15), we have

1 2 1 2r ) ) )
o6 = 5 [t [ ke e ak
0

2 E 0
1 2 1 2 o . . . n
=5 P [fi =k, e fil (k, e ™) ]" dk. (3.6
0 0

We will consider the case i = j = 3 only, since other cases can be treated the same. The
derivative of the above integrand is

83 [f33,1(_k’ efs+i9)f33,1(k’ efiG)]”
_s+i01n—1 3, —sH , —ig\ 11
= [ £ (ke ), £ (ke O[5 e e )]
By (A.2) and (A.6), f33'1| < 1 and for every k, there exists a set D, =
[0, 2 ]\{01 (k), 62(k), ..., 6,,(k)} such that the partial derivative 9, ;' (k, r e71?) exists and

is continuous in 0 < r < 1,6 € D;. Moreover there exists a constant, independent of k, 6, r
such that

A “ 1
8r 31 k, i0 < C E——
’ fi ke re )| ; ,—|9_9i|

forall k € [0,2r], L <r < 1and @ € Dy. Therefore, the derivative of the integrand in (3.6)
is bounded by

m

1
C T
; S 61
which is independent of s and integrable. By the dominated convergence theorem, p(s) is
differentiable. By theorem 3.1, )~ tP33 () < oo. This implies the theorem.

Proof of theorem 1.4. To prove theorem 1.4, we use the following lemma [9, p. 37]. (]

Lemma 3.1. Let g and h be functions on interval (o, B) such that the integral f(n) =
faﬂ g(u) "W dy exists for all sufficiently large positive n. Suppose h is a real-valued function,
continuous at u = «o, continuously differentiable for « < u < a +n, with n > 0. Suppose
further that ' < 0, fora <u < a+n,and h(u) < h(a) — €, withe > 0, fora+n <u < B.
Ifh' (u) ~ —A(u —a) ' and gu) ~ Bu —a)* ' asu — a, A > 0,v > 0, then

/ B_ [ :
f(n) = / g(u) e qy ~ ZT7 (_) (L) (@
o v v An

By theorem 1.1,

asn — oQ.

1
3n 300 __
BB = G

1 t—1
T ey ; Z/g
i=l

/ | £1*" do dk
L

i1
/ | 1% dk d6. (3.7)
1j
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Let [; = (a;,b;) and ¢; = “2%. We write [, = [+ [/, Then (3.7) is a finite sum
J J

2 a /
of integrals. To prove theorem 1.4, it is then sufficient to show that each term has the desired
asymptotic behaviour.
Let

1 & poj
Q:WL / | 1% dk d6. (3.8)

be one of the terms in the above sum. We will consider Q only since the rest can be treated in
the same way.

By (A.3), fis continuousin (a;, ¢;), | f(a;)| = 1, | f(c;)| < 1and | f]is strictly less than
lin (aj, cj). Moreover, by (A.5), there is a sufficiently small positive constant €, independent
of 6 such that

Oij=1{& <0 <&5a;+e <cj}
has a positive Lebesgue measure,

1= | £k, ¢))|* < Ik —ajl, cVlk—a;] <1, (3.9)
forall§ <0 < &4,a; <k <a; +€,and

fP<a<l, (3.10)

forallé <0 < &4q,a,+€ <k <.
For the lower bound of Q, we have

1 (aj+e) .
0> W/o / |1 —C(k —a;)?|" dkdo.
Applying lemma 3.1, with
h(k)=n[1 - C(k —a?],
gk) =1, r=1, v=1,
we have
1 (aj+€) . - -
W/o/ |1 —C(k—a))?| ddeN/OUCn 2do ~ 0(n™?),
asn — oo, since O;; has a positive Lebesgue measure.

For the upper bound, let Q| = #Iﬂl | f1**dkdd and Q, = #IQ\QI | £1%" dk d6.
Then

0=01+0>.

Let Qi =1{& <0 <& —naj <k<aj+y},Qu={& <0 <&+y,a; <k <cj}
and Q3 = Q;\(R21; U 2}2). By (A.6), if y is sufficiently small, then

CVIe—&Ik—al <1—[f' kD" in @, (3.11)
CVIe—&Ik—al <1-[f' k)" in Qn, (3.12)

|k, e <a <1 in Qs (3.13)

and

cV10 — &Ik —ajl < 4.
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We have
01 <01+ 0+ 03,

1 Sin—n  plaj+y) 5
Q11=W/E [ i akas,

1 &ty pej 5
Q= / / | 17" dk do,
RGN S

1 2
= " dk do.
01 =5 /Q If]

By (3.13), Q13 = O(e™"), as n — o0, for some ¢ > 0. For the upper bound of Q;, by
(3.11), for any § > 0,

where

1 Eivi—n (aj+y) | Lesin
o <W/; / 1= CO — &)k —a)**|" dkcdo.
Applying lemma 3.1, with
h(k) =In[1 = Cl6 — &2 (k — a;)*],

glby=1, r=1, v=14s A=cClo-&I>, B=1,

we have

1 Sini—n  plaj+y) 1 Lsin
W/g f |1—CO—&)2(k —aj)2™|" dkdo

§iv1—n 1 (%4.5)"
~ / (—1 do ~ 0(n72+€),
& CO—&)n

as n — 00. Here € can be chosen arbitrary small if § is chosen small enough.

Similarly, Q1» < O(n=2*), asn — oo.

For Oy, let Q1 = {k1(§is1 — 1) <k <¢j, 01—y <0 < 01}, Qo = (2\21)\ Q2. By
(A.6), if y is sufficiently small, then

c/lo =6 <1—|f' kD) in Qi (3.14)
1D <a<1 in Qu, (3.15)
and
CV10 — 0 < 5.
Let

1 / 2, 1 2
— [ f17" dk db, On = —/ | £ 1" dk d6.
(2m)? o (2m)? Qs

Then O = Q21 + Q2. By (3.15), Q2 = O(e™"), as n — o0, for some ¢ > 0. By a similar
argument as that in the lower bound, Q,; < O(n?), asn — oo.

0o =
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4. Proof of theorems 1.5

Proof of (A.6). For Grover’s walk in two dimensions, we put

1 1 1 1
1l -1 1 1
A=301 1 o1a
1 1 -1

in equation (1.6) and solve. We get g(z) = 0if z = 0, —e** or —e . For 0 < |z| < 8,7 #
—ek, —eik

_ 7+ 73 cosk+zcosk+1— R(2)
B 2(z+ek)(z +e k)

g(2)

, 4.1)

where

R(z) = (—1+22)2[1 +22 + 24+ 2(z + 23) cos k + 22 cos? k]. 4.2)

By proposition B.1 in the appendix, a branch of R(z) can be chosen such that R(z) is analytic
in |z| < 1, relatively continuous in |z| < 1 and R(0) = 1. Let h(k, z) be the right-hand side
of (4.1). To show (A.6), it is sufficient to show that for every k, h(k, z) is analytic in |z] < 1
and continuous in |z| < 1.

Since R(z) is analytic in |z|] < 1 and relatively continuous in |z| < 1, the numerator of
h is analytic in the unit disc and thus /4 is meromorphic. The denominator of 4(z) on the
boundary of the unit disc is 0 only if z = —e!¥ or z = —e~* and in either case, the numerator
is also zero. We note that z* + z> cosk + zcosk + 1 + R(z) at z = —e* or z = —e ¥ is not 0.
Multiplying z* +z3 cos k +z cos k + 1 + R(z) to the numerator and the denominator of 4(z), the
numerator becomes z2(z +¢e'¥)?(z +e~%)2, This implies that the numerator is a zero of order 2
at 7 = —elf or z = —e . This implies that 4(z) = 0 at z = —e'¥ or z = —e ¥, Therefore £
is relatively continuous in the closed unit ball, if % is analytic inside the unit disc. Therefore,
it remains to show that 4 is analytic in |z] < 1.

To this end, recall that f311(k, z) is analytic in {|z] < 1} and, by (1.9), equals to % in
{|z] < &}. Let z¢ be the pole of 7 with the smallest norm. Suppose |zo| = » < 1. Then & is
analytic for |z| < r. However, this implies that f;'' = h for |z| < r. Note that f;' is analytic
for all |z| < 1; hence lim,_. ,, h(z) = lim,_,, f3'(k, z) exists. This contradicts to the fact that
Zo 1s a pole for h. Therefore, h is analytic in the unit disc. We have thus proved that both A
and g are analytic inside the unit disc and relatively continuous in the closed unit ball.

We now consider the case of Hadamard walk. For Hadamard walk in two dimensions,
we put

1 1 1 1
Irfy1r -1 1 -1

1 1 -1 -1

1 -1 -1 1
in (1.6) and solve. We get g(z) = 0 forz =0, ek, e % For0 < |z| < 8,z #0, ek —e—ik
—z*+iz’ sink +izsink + 1 — R(z)
2(=z+ek)(z+e7k)

g= , @.3)

where
R(z) = \/(—1 +22)(—=1 + z6 — 2izsink — 2iz5 sink + z2sin? k — z* sin? k). 4.4)

To show (A.6) for Hadamard walk, by (1.6), it is sufficient to show that for every k, g(k, z)
is analytic in |z] < 1 and continuous in |z| < 1. Let h(k, z) be the right-hand side of (4.3).
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We shall first show that for every k, h(k, z) is analytic in |z| < 1 and continuous in |z] < 1.
Let

K = (=1 +2°)(—1+z° = 2izsink — 2iz’ sink + z% sin® k — z* sin k).
Then R%(z) = K.
Consider K on the unit circle,

K (k,e?) = 4e* sin O (sin O sin® k + 2 cos 26 sink — sin 36).
Also,

sin @ sin® k + 2 cos 26 sink — sin 30 = 2 (sin g sink + cos ?) (cos g sink — sin %) .
This is a quadratic equation for sink. For every 0, there is only one solution for sink (the
other solution has an absolute value greater than 1).

Note that sin % and sin % are periodic. Hence for every £, there are six 6°s corresponding
to sin k, which give the six roots on the unit circle for every k. Taking 1 and —1 into account,
K (k, z) has eight zeros on the unit circle. These are all the zeros for K (k, z) on the complex
plane since K (k, z) is a polynomial of degree 8 in z, for every k. By the same argument as
that used for Grover’s walk, we can choose a branch cut for R(z) such that it is analytic in
the unit disc and R(0) = 1. This implies that 4 is meromorphic inside the unit disc. By the
same argument as that used for Grover’s walk, / is analytic inside the unit disc and relatively
continuous in the closed unit ball.

Proof of (A.2). For Hadamard walk, by solving equation (1.6), we have f331 (k,0) =0,

and for 0 < |z]| < &,
72(—=1+ 2%+ zcosk — iz sink)
— 224+t —iz(=1+ D) sink+ R(z)’
By the same argument as that for g in the proof of (A.6), the above expression for
J1(k, z) can be extended to |z| < 1. Since both the denominator and numerator of f3'(k, z)
are relatively continuous in the closed unit ball, to show that f331 (k, z) is relatively continuous

in the closed unit ball, it is sufficient to show that the denominator is non-zero on |z| = 1.
To this end, we write

4.5)

31
k,z) =
3 (k, 2) 1

31 _
3 (k2 = T+R()’

where
N = z(—=1 +z*> + zcosk — iz sink),
T=1-2>+7"—iz(—1+2%) sink,
R*(z) = K,
K = (=1+2°)(=1+2z°% = 2izsink — 2iz’ sink + z% sin” k — z* sin k).

By comparing the real part and the imaginary part of (7% — K)(k, e') = 0, we have

T’ - K =0
if and only if
. 3 —2cos20
Sink = ———
45sin6
However,

’3 —2cos29’

- +sinf| > 1.
4sin6

’4sin6
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Hence, the only two solutions for 7 + R(z) = Oare 0 = £,k = Fand = —%,k = —3. By
evaluating the function at these points, we see T + R(z) # 0. Therefore, the denominators of
J(k, €) is never zero.
From the proof of theorem 1.1, since P33" < 1, for all n, we have 0 < ’f313(—k, ei0)| <1

fora.e. k, 0 € [0, 2r]. For Hadamard walk, to show L = { , 331(k, ei(’)’ = 1}
has a positive Lebesgue measure, we first show
|fk,e®) =1 <=  sinf(sinfsin®k +2cos 26 sink — sin30) < 0. (4.6)

By direct calculation, we have
T2 — K| = INI*,
IN|?> = 1+4sin6(sinf — sink),
|R(2)|* = |4sinO(sin @ sin® k + 2 cos 20 sink — sin 30)],
IT)? = (1 — 4sin® 6 + 2sin 6 sink)?.

Also, note that |T + R(2)|> = 'N Land |T — R(2)> = % Then we have

IT? — KPP|fI* = 2T + IR@PINPIfI* + IN|* = 0.
Hence, | f| = 1 if and only if
IT? — K> = 2(IT1* + |R(2)))IN* +N|* = 0,

ie.
—4sin@(sin @ sin” k + 2 cos 20 sin k — sin 36)
= |4sin O (sin O sin’ k + 2 cos 20 sink — sin 30)],
which holds only when the left-hand side is non-negative. This implies (4.6) and L =
{0, k; sin O (sin 0 sin® k + 2 cos 20 sink — sin 30) < 0}.
Let k; = k,(0) = arcsin (j;é) and k, = k»(0) = arcsin (—
{0, k) € [0,27] x [0, 2]}, L€ is the region

[0€[0,%].ke ki, —kp)}

cos % .
3 ) Then in the square
sin 3

Ufo e[z 2] ke —k,2m+k)}

U0 e[Z. 2] ke 0, k)U@ —k,2m)}
Ufoe[Z Z] ke ©k)U(r—k,2m)}
Ufoel[Z, 2] ke —k.2n+k)}

Ufo e[ n] ke -k}

Ufoe(r. 2] ke —k.2r+k)}

Ulo e[ 2] ke k. —kp}

Ufo e[, 2] ke m—k)UQr+k,2m)}
U0 e[, 2] ke m—k)UQ@r+k,2m)}
u{ee[%ﬂ,%] k € (ky,m —ka)}

ufeelF,
see figure 1. This implies that L has a positive Lebesgue measure. The numerical value of the
Lebesgue measure of L ~ (0.556.

21 ).k € (m — ki, 27 + k) },
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N
7*pil4 |

3*pil2 |

5*pi/4 |

pifi

3*pila f

pii2r

pi/4

0 pi/2 pi 3*pil2 2*pi

0

Figure 1. The shaded area is L for the Hadamard walk in two dimensions. The k-axis is the
horizontal axis and the #-axis is the vertical axis.

For Grover’s walk, solving equation (1.6) we get f33l (k,0) =0and for0 < |z| < 6,

3
31 =2
k,z) = , 4.7
s k2 —1+z*+z(—=1+z%)cosk — R(z2) @7
where
R(z) = V(=1 +2)2(1 + 22+ 24 + 2(z + 2°) cos k + 22 cos? k). 4.8)

By the same argument as that for the case of the Hadamard walk, the above expression for
31(k, z) can be extended to |z| < 1.

We write
3k, 2) = T_LR(Z)
where
N=z-2°
T =—-1+z"+2z(—1+2z%) cosk,
R*(z) = K,

K=(=1+21+22+7*+2(z+ 2% cosk + 22 cos’ k].
Simplifying, we get
Z N
—1—2z2—zcosk — Ry(2) - T, — R,(2)’
with Rsz(z) =1+z22+72*+2(z+ 2% cosk + zZcosk. The branch cut for R,(z) is defined
similarly as in R(z). By direct calculation, 7> — Ry = z°. Hence, T; — R,(z) # 0 on the unit

circle. Therefore for every k, f3'(k, z) is relatively continuous in the closed unit ball.
A similar argument as in the case of the Hadamard walk shows

|fk,e?) =1 <<= (2cos@+cosk)> —1<0. (4.9)

331(](, Z) —
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2*pir

a

pifi

pi/2f
L
pi

3*pil2 2*pi

0 -
0 pi/2

Figure 2. The shaded area is L for Grover’s walk in two dimensions. The k-axis is the horizontal
axis and the 0-axis is the vertical axis.

Therefore, L equals the region defined by the right-hand side of (4.9). Then the region L¢
in the square (0, k) € [0, ] x [0, ] is

{k €[0,7],60 € (0,6,) U (6, m)},

here 6; = arccos (1=524), 6, = arccos ( , see figure 2. Therefore, L has a positive

Lebesgue measure; we have thus proved (A.2) for Grover’s walk. The numerical value for the
Lebesgue measure of L ~ 0.387 129.
Proof of (A.3). From the proof of proposition B.1 in the appendix, for every fixed &,

—1—2cosk)

all the Zeros of K is on the unit circle. Fix 6, let k;(0#),i = 1,2, ...,1, be the solutions of
K (k, %) = 0. For Hadamard walk, from the proof of (A.2),
. N
331(](’ e1(9) =
T + R(2)

where N and T are smooth functions of £ and 6 respectively. Then
0f (k, %) (BN)(T + R(2)) — N(T + 0k K
ok (T + R(2))?

From the proof of (A.2), the denominator can never be zero on the unit circle. Therefore,
Of" (k)
9k

=o)

exists and is continuous in Dy.
For Grover’s walk, we get from the proof of (A.2),

Z _ Ns
—1—z2—zcosk—Ry(z) T, —Ry(2)’

with Rf(z) = 1+722+7*+2(z+7%) cos k + z2 cos k. The denominator can never be zero on the
unit circle. By the same argument as for the Hadamard case, (A.3) holds for Grover’s walk as
well.

Proof of (A.4). For the Hadamard walk, from the proof of proposition B.1, for every fixed
k, all the zeros of K are on the unit circle. Let 0 (k), 6>(k), ..., 6s(k) be the angles of the zeros
of K.

Ik, 2) =
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Letr =e™*. Then

aof B

%‘ = |0, f0,z|

9. N(T + R(z)) — N3, T +9,R(2))
(T + R(2))?

(_efs eiO)

Note that 7 + R(z) is non-zero on the unit circle. Also, N and T are polynomials in z. Hence,
we only need to estimate 9, R(z).

From the proof of proposition B.1, R(z) = ]_[§=1 he,, and properties (c)—(e) in there, we
have

/ _ / iO,v _ — j— 1 S
|h0_,- (Z)| - |Rn+0_, (e 2)( 1)| - ‘ZRT["'GJ‘ (eie.f —2)

_ 1 o Cc
2/1e% —z| /16, =01
ifz=re?, 0<rg<r<l.
By property (e) in the proof of proposition B.1,
o, (@)| = |Rass, (" = 2)]

= VI —zl < C.
for all |z| < 1. By the product rule, (A.4) follows.
For Grover’s walk, we use the simplified formula from the proof of (A.2),
331(]{’ ) = Z _ N i
—1—z2—zcosk — Ry(z) Ty — Rs(z)

with RS2 (@) =1+22+7* +2(z+ %) cosk + 72 cos k. The denominator can never be zero on
the unit circle. By the same argument as that for the Hadamard case, (A.4) holds for Grover’s
walk as well.

Proof of (A.5). For simplicity, we write f for f331. We first consider the Hadamard walk.
Let§ = 0,86 =n/4,5 =n/2,8 =3n/4,55 = n,8§ = Sn/4,§ = 3n/2, 8 =Tn/4
and & = 2m. For a fixed & # §&,L° is an union of open intervals, U;l;. Let
p1(0) < p2(0) < --- < p;(0) be the endpoints of the intervals.

Let k1 (@) = arcsin

S

™2 Then k; is a root of the quadratic equation
sin 2

sin@ sin” k +2 cos 20 sink — sin 30 = 0.
For 6 e (O, %), p1(0) = ki(0) and p2(0) = — k1 (0). Let 2 = {9 € (0, %), k € (ki, 71/2)}.
We will consider the behaviour of | £|> over Q only, since the other regions can be treated
similarly.
In @, we have
1 —4sin@ sink +4sin’ 6

If?P = : — —— ; ;
{1 — 45sin2 6 + 2sin @ sin k + 24/sin O (sin 6 sin? k + 2 cos 26 sin k — sin 360)}2
(T +2VK)*
Hence,
L1 = 8Ky +4To/Ko
(To +2/Ko)?
4/Ko

T T,+2JK,
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sin 3¢
Fix 6, as k — k; from Q2 or equivalently, sink — s

sin

To+2yKy— —1+2cosf > C > 0,
where C is independent of 6 € [0, 7 /4]. This implies that

, we have

2
[4
2

L=1f?~ O(/Kp). (4.10)
Now we show the upper bound. For a fixed 6, we have
0 Ko = cosk(2sin6 sink +2cos20) sinf. (4.11)

Since the right side of (4.11) is less than a positive constant for all (6, k) in €2, by the mean-value
theorem, we have

Ko(0, k) < Ci(k — k1), (4.12)
for all (0, k) in Q. By (4.10), we then have

1—|f* < ik — ki, (4.13)

for all (0, k) in Q.

For Grover’s walk, for convenience we will prove (A.5) by interchanging the role of k and
0, which is essentially the same. Also by symmetry, we only need to consider 0 < 0 < 7 and
0<k<m Let§; =0and &, = . Forfixed0 < k < m,let py(k) < pa(k) <--- < pi(k) be
the endpoints of the intervals in L. For k € (0, ), pi(k) = 0, pa(k) = 0,(k), p3(k) = 0,(k)
and p4(k) = 7, where 0; = arccos (M), 6, = arccos (_I_T“”k) We shall consider the
behaviour of | f|?> on Q = {(8, k)|k € (0,7),0 € (0, 0,(k))} only since the rest of the region
can be treated similarly.

In 2, we have

| f1? = [~2cosO — cosk + v/ (2cos 6 + cos k)2 — 1]?
=[—M@6, k) +/ M@0, k) — 1]%,

where M (6, k) = 2cos8 + cos k. Note that on 6 = 0, M (0, k) = 1; therefore,

L= fP=1=(-M+VM2— 12 =2(1— M) +2MV/M? — 1 ~ O(V M2 — 1), (4.14)

as M — 1. Since
dp(M?* — 1) = —2M sin#,
and |[M| < 3 in 2, we have
M?—1<C —6),
in 2, by the mean-value theorem. This implies (A.5) for Grover’s walk.

Proof of (A.6). We shall consider @ = {6 € (0,%),k € (ki,7m/2)} only since
the rest can be treated similarly. Let Q@ = {6 € (0,Z — n).k € (k,7/2)} and
Q =10 € (5 -2n%).k € (kj,/2)}. For fixed k, let 6; be such that k;(6,) = k.
We shall show

L—[f1? > Coy/0 — 04, (4.15)
for all (6, k) in 2,, and
L= = CoVoVk — ki, (4.16)

for all (0, k) in ;.
By

09 Ko = cosO(sinf + 2 cos 26 — sin30) + sinf(cosf — 4sin 260 — 3 cos 360), 4.17)
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we have
K (” ”) 0
—O00B0\ 7 & >V,
42
and since dy K is continuous everywhere, there exists o > 0, such that

—0Ko > Cy >0, (4.18)
for all (0, k) in 2,. By the mean-value theorem,

Ky = C(0 —01), (4.19)
for all (0, k) in €2,. By (4.10), we have thus proved (4.15).

To prove (4.16), we take the partial derivative in k. By (4.11),

0x Ko = cosk(2sin6 sink + 2 cos 20) sinf.
Let

Z(0,k) =cosk(2sinf sink + 2 cos 20).

Then Z is continuous everywhere. Note that Z(6, k;) is positive and bounded away from zero
uniformly in 0 < 6 < /4 — 1, and C,6 < siné, for some C, > 0; there exists a sufficiently
small y such that

Ko > C,0, (4.20)
forall0 <0 <m/4 —n,k; <k < k; +y. By the mean-value theorem and (4.10), we have

1—|fI*> C2\/§\/k—k1»
forall0 <6 < /4 —n,k; <k <k +y. Since 1 — | f|? is positive and uniformly bounded
away from zeroon 0 < 0 < /4 —n, ki +y < k < /2, we have proved (4.16) by choosing
a sufficiently small C, > 0.
Now we prove (A.6) for Grover’s walk. We shall consider the behaviour of | f |2 on
Q = {@,k)k € (0,7),0 € (0,6,(k))} only since the rest of the region can be treated
similarly. By (4.14), we have

1—|f>~0KWM?-1), as M — 1.
Here M2 — 1 = (2cos @ +cosk)? — 1, and
3 (M?* — 1) = —2M sin6. 4.21)

LetQ, ={(0,k),0 <k <m—n,0<0 <0i}and Q| ={(0,k),0 <k <m—n,0,—y <
0 < 6}. Note that M is strictly positive bounded away from zero in €2, and sin 6 is bounded
away from zero in Q}; therefore, by the mean-value theorem, there exist positive constants 1
and y such that

1-|fPP>CVo,—0 in . 4.22)

Since 1 — | f|* is strictly positive and relatively continuous in the closure of £\, we
have

1—|fF>Cy6,—0 in (4.23)
if C is sufficiently small.
LetQ, ={(0,k),mn—2n <k <m,0<6 <6}and ), ={(0,k),0 <0 < by, ki —y <
k < ki}, where 0 < 6y < /2 such that (6y, ¥ — 2n) is on the boundary of L.
We have

w(M? —1) = —2sinkZ(0, k),
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where Z(60, k) = cosk +2cosf. Note that Z(0, w) = 1 and is continuous. This implies that
there exist positive constants y and 1 such that

Z®,k)>C>0 in Q).
Ifr/2 <k < k; < m,then
sink > sink; = /1 — (1 — 2cos6)2

0
:\/4c039(1—cos@):x/Scosesinz>C2>0 in €.

This implies that

1= 1fP > CcVovk —k in Q).

Since 1 — | £|? is continuous strictly positive in the closure of ,\2,, we have thus proved

1=/ > CcVoJk —k in Q,

for a sufficiently small constant C. This proves (A.6) for Grover’s walk.

5. One-dimensional walks, proof of theorem 1.6

For the one-dimensional Hadamard walk, the equation analogous to proposition 1.2 is

~ (0 0
F= (0 ([1—F]—'zA)n>' oD

Solving the equation, we get

IR L1, 1+
£, (0) =0, f@ =gk = (5.2)

Note that the solution is analytic in |z| < 1 and relatively continuous in the closed unit ball.
Therefore, it is a version of f21’ ! (z) on the closed unit ball.

Remark 5.1. Equation (5.2) has been obtained in [3].
Proof of theorem 1.6. Let
1 2 ) )
A(t) - le,l(e—IQ)eltg do.
27 0
By the Fourier inverse transform, we have

p() =W w, =0,7 =[] = |40
We write A(t) = B(t) — C(t), where

1 2 .
B(t) = — V2 cos 6 e d,
2 0

V2 [T g Ait+1)0
C(t) = — V1 +e 40 ¢! dé.
4 0
We have
2 o
B(t) = £/ cos(0) cos(10) do = 0,
T Jo

ifr >2,and v/2/2ift = 1.
To estimate C(¢), we shall use the following lemma [9, p. 49, (11)]. U
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Lemma 5.1. If ¢(0) is N times continuously differentiable for « < 6 < B, and
0<A<1,0<u<],then
ff e —a) "' (B—0)"1p(©)d0 = By(t) — An(t) + Ot~ N) ast — oo, where

Ay = 3 TOFD iy o CUE = 9@)

n! do
n=0

L(n+p) QT i—)/2 l,,gd”[(ﬂ—a))\ 14’(,3)]
n! dap"

MZ

By(1) =
n=0

and O(t~N) may be replaced by o(t ™M) if , = = 1.
We note that for 0 < 0 < 7,/ —e2? = —je? and vV/—e=2¢ = ie ; for 0 < 0 <
w/2,v/e2? = e and Ve 20 = e7; for /2 < 6 < m, we have Ve2? = —el’ and
e 20 = 710,

Therefore, we have

4 2 .
—C@t) = V1 + o416 it+1)0 49
V2 0

= /ﬂ V1 +e 40 ei(t+l)0 do + /ﬂ /1 + edio e—i(t+l)0 do
/ 2cos (20) "” do + / —2cos (20) ¢’ do

/4

/4 '

+ / —2cos (20) "’ do + 2cos (20) e’ do
/2 3 /4

n/ ) /2 A

+ f 2cos (20) e 7 do + —iy/—2cos (20) e " do
/4
3 /4

—iy/—2cos (20) e do + f —/2cos (20) e do
/2 3n/4
/4
=/ 2 cos (10)4/2 cos (20) d0+/ —2sin (t60)+/—2 cos (20) d6
0

/4
b4

3 /4
+ / —2sin (t6)/—2cos (20) d + / —2cos (t6)+/2 cos (20) dI
b

/2 3n/4
/4
= 8/ cos (16)+/2 cos (20) d6,
0

for t = 4k + 3, k is a non-negative integer; it is equal to 0, otherwise.
Note that

/4 /4 )
f e /2 cos (20) dO :/ (/4 — )"V (/4 — 1)V2 /2 cos (20) VD dp.
0

0
Applying lemma 5.1 to the above integral, with A = 1, u = %, and ¢(0) = (% -
9)%«/2 cos (26), we get

/4 )
/ cos (t0)4/2 cos (20) df = —2I'(3/2) "D/ =372 L 0(172),
0
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as t — 00. Therefore, we have

232

3
Alt)= =172+ 0172,
Q) N ()
ast — oo, fort = 4k +3 , where £ is an integer; A(t) = g, for t = 1 and 0, otherwise. This
implies the theorem.
Since theorem 1.7 is well known, we skip the proof.

6. Conclusion

The hitting probabilities of a classical random walk have many applications such as for solving
elliptic partial differential equations, see e.g. [7], mathematical finance, e.g. [30], and in the
area of computing. In computing, examples include solving hard problems such as estimating
the volume of a convex set [8] and approximation of the permanent [13]. For solving partial
differential equations, since the probability distribution of a quantum random walk behaves
like a wave, the hitting probabilities of a quantum random walk should be useful in solving
hyperbolic partial differential equations. In the area of computing, several results have shown
that a quantum algorithm exhibits speedup over the classical algorithm, see e.g., [13, 29].
Therefore, we expect that a quantum random walk may be useful in providing algorithms that
have speedups over those done by classical random walks. In fact, some results have shown
that a quantum random walk can do the same job and sometimes faster than the classical ones.
For examples, Shenvi et al [28] show that a quantum random walk can be used to do the same
task as Grover’s search algorithm [13] and Childs et al [5] give a quantum algorithm based on
quantum random walks for travelling through a graph with an exponential speedup over the
classical one.

A faster convergence to the hitting distribution means that a more efficient algorithm
is possible for the task. In this paper, we mainly deal with the hitting probabilities of the
hyperplane by quantum random walks on Z¢. For the two-dimensional case, we obtained the
scaling limit of the hitting probabilities as the lattice spacing tends to zero. We showed that
the critical exponent for the scaling limit is 1, i.e. the natural magnitude of the hitting position
is of the order O (1) if the lattice spacing is set to be 1/n. We also showed that the rate of
convergence of the hitting probability has lower bound n =2 and upper bound n~2* for any
€ > 0. For a quantum random walk with a fixed starting point, we showed that the probability
of hitting times at the hyperplane decays faster than that of the classical random walk. In both
one and two dimensions, given that if it hits, the conditional expectation of hitting times is
finite, in contrast with being infinite for the classical case. In the one-dimensional case, we
also obtained an exact order of the probability distribution of the hitting time at 0. Along
the same lines, it would be interesting to investigate the properties of the hitting distributions
and the rate of convergence for other types of domains for quantum random walks on general
graphs.

Another interesting question is about the decoherence of quantum random walks.
Decoherence of a quantum random walk results from the interaction between a quantum
random walk and its environment. A decoherence random walk should behave like its classical
counterpart. Forexample, if a classical random walk is ergodic then the corresponding quantum
random walk with a small effect of decoherence should be also ergodic. If a classical random
walk on a regular lattice is diffusive, then the corresponding quantum random walk with even
a very small decoherence should be also diffusive. Therefore we expect that a decoherence
quantum random walk will provide a useful tool for simulating the limiting distribution for
the classical analogue, but with faster convergence to the limiting distribution.
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In [17], a computer simulation shows that the behaviour of a decoherent quantum random
walk in Z! is diffusive, i.e. the variance at time ¢ is of the order O(¢). An interesting problem
is to prove that the limiting distribution of the decoherence random walk is normal as t — oo
and estimate the rate of convergence. The idea of our path integral formula is applicable to the
decoherence case as well. It seems that this type of path integral formula will be an analytical
tool and provide an insight to the problem.
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Appendix A
Proof of theorem 3.1. We shall prove by induction. Let n = 1.
(a) By definition,
+h) — *1 ) )
p(s ) IO(S) — / _[e—(3+h)t _ e—bt]du(t)‘
h o h

Since +[e”C*M — 7] — —re ash — 0 and |}[e”*M — ]| < 1 which is integrable
with respect to u, (a) follows by the dominated convergence theorem.
(b) We have

o0 o0 1
/ tdu(t) = / liminf —[1 — e "] du(z).
0 0 si0 s
By Fatou’s lemma, the above
*1 —p(0 d
< lim inf/ T e du@) = timinf(—1) 22 =PO _ )90
si0 Jo s 510 s ds
Now assume that both statements (a) and (b) hold for n — 1. Assume that fOOO t"du(t) <
oo. By (a) forn — 1,
PV s+ ) — p" V() _ /°° R pa—
h 0 h
The absolute value of the above integrand is bounded by #" which is integrable, (a) follows by
the dominated convergence theorem with 7 — 0.
(b) Assume that (—1)"<28)| exists. Then (—1)"—!4_2()

00 ds” iO dsn—1 |0
n—1, [;7 "7 du(t) < oc. By (a) withn — 1,

n—1 0
(_1)”71w — \/0 t”71 efst d[,L(t)

|s:0 < Q.

— e du(r).

exists. By (b) with

dsn—1
for all 5. If fooo t"~du(t) = 0, then u is supported at 0 and (b) holds for all n. Suppose
fooo t"~'du(t) > 0. Let v be the probability measure defined by

" dpu(r)

YO = T
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and
/‘000 tn—l et dﬂ(t)

¢(S) = fOOO tn71 d/,l,(t)

be the Laplace transform of v. Since (—1)" % ‘ 0 exists, ¢ is differentiable at 0. By (b) with
n=1, [;tdv(r) < oc. Therefore, [, 1" dju(t) < co. End of proof of theorem 3.1. O

Appendix B

Proposition B.1. Let R(z) be given by (4.2). A branch of R(z) can be chosen such that R(z)
is analytic in |z| < 1, relatively continuous in |z| < 1 and R(0) = 1.

Proof. Let Ry(z) = Jre? forz = re, ¢ — 27 < 6 < ¢. Then we have the
following properties: (a) x = £Ry(c) is the solution to x2 = ¢, (b) Ry (z) is analytic in
{zlargz # ¢ + 2k }\{O}, (¢) R} (2) = m, (d) R3(2) =z, () [Ry(2)] = Izl

Note that R?(z) = K, where

K=(1+2)1+22+7*+2(z+ %) cosk + 2% cos? k].
For every k, K (k, 7) is a polynomial in z of order 8. By factoring K (k, z), we get
K(k,z) = (z+ D}z — D2z — ") (z —e ) (z — %) (z — 1),

where 6, = arccos %

unit circle, for every k.

Now, for K (k, z), we write the roots of K as {e'%/}, 0; = 0j(k), such that Z?zl 0; = 0.
For each j, set hg,(z) = R0, (e7 — 7). We then have the following properties: (1) he, (2)
is analytic except {z; |z| > 1, argz = 0;}; (2) hy, () is analytic in {z; |z| < 1} and relatively

continuous in |z| < 1; (3) &g, (0) = e‘gTi. If we define R(z) = ]_[§=1 he,, then R*(z) = K and
R(0) = 1. Therefore, R(z) is the desired branch. O

, 0, = arccos _I_T“"k Therefore all the zeros of K (k, z) are on the
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